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1 Regularity Assumptions

ASsUMPTION 1. Treatment R is completely randomized and T}, (a) = Tp(a)
if a subject never changes treatment.

ASSUMPTION 2. Given (R = 0,Z,U = 1,Tp = s), that is, a subject in the
control arm has disease progression at time s and covariates Z, or (R =
1,Z,U =1,Tp = s), Ny(s+t),t > 0, is independent of the potential outcomes
{T5(0), TH(1)}.

AssuMPTION 3. Given (R = 0,X,U = 0), that is, a subject in the control
arm has baseline covariates X and is progression free before death, or (R =
1,X,U =0), Ny(t) is independent of the potential outcomes {75 (0),T5(1)}.
ASSUMPTION 4. The censoring time is independent of T, Tg, and Tp given
the observed covariates.

AssuMPTION 5. For progression subjects, Tp is independent of Z given R and
X.

ASssSUMPTION 6. The true parameters values of the 3’s, v’s and a’s, still de-
noted as @ = (B¢, 81, Ba , Y&, AT, AT, a™)T, belong to a bounded set in real
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Euclidean space. Moreover, the true cumulative baseline functions (Hy, Hy, Hs)
are continuously differentiable in [0, 7] with H;(¢) > 0, k = 0,1, 2, where 7 is
the study duration.

ASSUMPTION 7. If there is some constant v such that v (1, R,Z) = 0 with
probability one, then v = 0. Additionally, we assume (R, Z) to have a bounded
support and there exits a continuous component of X such that its coefficient
in model (1) is nonzero.

AssuMPTION 8. With probability one, P(C > 7|R,Z) > 0 and P(V =
1|R,Z,Tp) € (uo, p1) for some constant 0 < pp < pg < 1.

2 Proof of Theorem 1-3

Proof of Theorem 1. Let L, (®, Hy, Ha, H3) denote the observed log-likelihood
function for (@, H) and H{t} = {H(t) — H(t—)}. First, it is easy to see that
if H,{t} = oo, then ln(@ Hy, H,, Hs) = —o0. Moreover, this also holds if the
jump size of I/-jk at the corresponding events is zero. Thus, the jump sizes
of Hj at the corresponding events are positive and finite so the derivatives
of 1,(®, Hy, Hy, Hs) with respect to each jump size of Hj should be zero at
(5, ﬁl,ﬁg,ﬁg). This gives

A LI, =Y;
HO{K}: - ZG]—I ( J ) : — (1)
Z enDj(Yi) + Z (171371];)SD]‘(Y7‘)€ DAj i
G;=1Y;>Y; Gi=4Y;2Yi (1—pu;)Sp;(Ys)+PuiSu;(Yy)
ﬁl{Wz} = ZG‘je{2,3} I(w; =Ww;)

BusSps (Yy)e 1P VD
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{ZGJ'E{ZB},(Y*W)J'Z(Y*W

where 7 (t) = BorRj+BoaVi(t) +BosVi () R +4¢ X, fip;(t) = BLR;+A1 X,
i1 (t) = Boy Ry + BosVi(t +Tp) + BagV;(t + Tr) R; + 43 (Z;, W;). In addition,
we let Sp;(t) = exp{— [} eTos®dfy(s)}, Sp;(t) = exp{— [} lriDdH\(s)},
and p,; = ﬁ(U = 1|R;,X;). Equation (1) implies ﬁo{s} < chzl I(Y; =

5)/ Y _1y. >4 Co, Where ¢q is a positive lower bound of €'s ) Since
j—L ;=

LS S EIU=0,-<C, > 5)] >0,

G=1,Y;>s

N (W)
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we obtain

nTty L Y (G =1,Y; =Y))

—1
Con ZG]‘:LYJ >s1

limsup Ho(7) < lim sup < 00.
n n

Similarly, equations (2) and (3) yield that limsup,, f[l(T) and limsup,, Hy (1)
are both finite.

By Helly’s selection theorem, for any subsequence, we can choose a further
subsequence such that Hj weakly converges to an increasing function H; for
k = 1,2,3. Moreover, we can assume 9 — 6*. We then show H; = Hj and
¢* = @. To this end, we construct H,, such that Hj has jumps at the same
events as Hj; moreover, the jumps of Hj is the right-hand side of (1) to
(3) except that the parameters on the right-hand side are set to be the true
values. It is straightforward to verify that Hj, converges uniformly to the true
function Hy. Furthermore, we can show that dHy/ dH;, converges uniformly to
dH} /dHj,.

Since ln(dg, ﬁl,ﬁg,flg) — ln(é,ﬁl,ﬁg,f{;),) > 0, we take limits and then
expectation on both sides, which leads to the conclusion that the Kullback—
Leilber information between (6%, Hy', Hy, H; ) and (6, Hy, Ho, H3) is non-positive.
As the Kullback—Leilber information is always non-negative, this immediately
implies that the log-likelihood function at (6*, Hf, H3, H3) is equal to the log-
likelihood function at (0, Hy, Ha, Hs) with probability one. Thus, this equality
holds for all subjects in Groups 1 to 4 as defined in Section 3.2. Comparing
the differences of the log-likelihood functions from subjects in Group 2 and
Group 3, we have

(H3) (G)es R85,V (Y)+B33V (V)R T (27, W)

= (HQ)/(G>61621 R+B22V (Y)+B23V (Y)R+~ T (2T W) T |

so by Assumptions 7 and 8, Hy = Ha, 35, = Ba1, 55 = P22, B33 = P23 and
5 = 2. Now in the log-likelihood for subjects in Group 1, we let Y = 0 and

obtain
(Hz) (0)ePor B "X (Hy) (0)ePor B’ X

14 eaSJra’{RJra;TX 1+ ea0+a1R+a2TX :

Similarly, in the log-likelihood for subjects in Group 3, we let W = 0 and
Y = 0 and obtain

(Hik)/(o)eﬁfl?,+'yfTXGaSJraIRJra;TX (Hl)/(0)eﬁ1R+'leX6ao+a1R+a2TX

1_|_eo¢3+a’1‘R+o¢;TX = 1+eao+o¢1R+a2TX
Comparing the above equations, so af = a1, a5 = as. Since one component of
X is continuous and has non-zero coefficient in aso, the above equation gives
af = op. Finally, after integrating the likelihood equality function for Group
2 for W from 0 to Y, we have

[1 — exp{—Hj (Y)efi B+ Xyeai+ai Rz "X

1 + ea;+a1‘R+azTX
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[1 — exp{—H; (V)efoRtm " X}Jeoitoi Rtaz"X
1 + exotorta™X ’

Thus, Hf = H; and 7 = B1,7f = 71- On the other hand, integrating the
likelihood equality function for subjects in Group 1 for Y from 0 to Y gives

1— exp{— fOY eﬂglRJ"BSZV(S)+653V(S)R+75TXdH8‘(3)}

14 eaa +ai R+aj X

_1- exp{— fOY ePor R+BozV (s)+BoaV () R0 " X g fx ()}

1 + ea0+a1R+a2TX

so B = Bo,V = Yo and IA'JS‘ = H,. R

We have proved that 8 — 6 and Hy converges weakly to Hy. The latter can
be further strengthened to uniform convergence in [0, 7] since Hy, is continuous.
Therefore, Theorem 1 holds.
Proof of Theorem 2. The proof of Theorem 2 follows from the same ar-
gument in proving Theorem 2 in [2]. In particular, Assumptions 1-4 and 6
in Appendix hold for our specific models. Their first identifiability condition
(C.5) has been verified in the proof of Theorem 1. To complete the proof, we
only need to verify the second identifiability of their condition (C.7). Con-
sider the score function along a sub model Hy, + € [ frdH) and & + ev where
v = (By,Yo, P1,7Y1, Ba, Yo, ). If this score function is zero with probability
one, then we need to show that fiy = 0 and v = 0. For subjects in Group 2,
the score equation is

0= W) +np — fOW fi(t)e" dH,(t) — Hi(W)e" np + fo(G) +na(G)

O h)ersOdHy () — [© e tna(dHy(r) + T @ra R X)

(1+ea0+a1 R+a;X)2

For subjects in Group 3, we obtain the score equation to be

w G
0=fi(W)+np — /O fi(t)e™ dH, (t) — Hi(W)e" np — /O fa(t)e"e D dHy(t)

erotarftaiX (e, + & R+ ¢1X)
T ° (4)
(]_ 4 e@otaiR+ag )2

G
‘/ "W (t)dHa(t) +
0

The difference between (4) and (4) gives f2(G)+ne(G) = 0, so by Assumption
7, fo=0,85,=0and v, =0.

Using this result and equation (4), the score equation for subjects in Group
4 becomes

T
erotarlitas X (g 4+ o) R+ al'X)

Y Y
/ fo(£)e™ O dH(t) + / e Onp () dHo(t) +
0

0 (1 + 6a0+a1R+a§X)2

=0.

(5)
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On the other hand, for subjects in Group 1,

Y Y
fol¥) + 1p(Y) — / folt)er> O dHy(t) - / e O (1) dHy (1)

eao+a1R+a§X(a0 —|—0¢1R—|—agX) B
- T =0. (6)
(1 + eao+a1R+a2 X>2

Then the difference between (5) and (6) gives fo(Y)+np(Y) = 0, which further
gives fo = 0,8, = 0 and v, = 0. As a result, (6) becomes g +a; R+alX =0
and hence o = 0. This further combined with equation (4) gives f; = 0,
B, = 0, and v; = 0. We have verified condition (C.7) in [2]. According to
their results, our Theorem 2 holds.

Moreover, from Theorem 3 in [2], we also conclude that the inverse of the
observed information is a consistent estimator for the asymptotic covariance.
Proof of Theorem 3. The proof of Theorem 3 follows the proof of Theorem
3 in [1] so we omit the details here.
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